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There exist six possible polarization modes of gravitational waves in general metric theory of
gravity, while two tensor polarization modes are allowed in general relativity. The properties and
number of polarization modes depend on gravity theories. The number of the detectors needs
to be equal to the number of the polarization modes of the gravitational waves for separation of
polarizations basically. However, a single detector having great sensitivity at lower frequency could
be effectively regarded as a virtual detector network including a set of detectors along its trajectory
due to a long gravitational-wave signal from a compact binary and the Earth’s rotation. Thus,
time-varying antenna pattern functions can help testing the polarizations of gravitational waves.
We study the effects of the Earth’s rotation on the polarization test and show a possibility to
test the nontensorial polarization modes from future observations of compact binary mergers with
ground-based gravitational detectors such as Einstein telescope and Cosmic Explorer.
I. INTRODUCTION
The observations of gravitational waves (GWs) from
compact binary coalescences (CBC) [1, 2] by Advanced
LIGO (aLIGO) [3] and Advanced Virgo (AdV) [4] suc-
ceeded in acquiring experimental access to the nature
of gravity and spacetime. Several investigations to test
general relativity (GR) by the observations of GWs have
been proposed and carried out [5–9], for example, tests of
post-Newtonian gravity, analysis of quasi-normal modes,
and probing into the dispersion relation of GW. No ev-
idence for violations of GR have been reported before.
It is expected that the GW detector network will ex-
pand soon by participation of other ground-based detec-
tors such as KAGRA [10, 11] and LIGO India [12]. Thus,
more precise tests of gravity would be possible in the near
future.
It is well known that a GW has only two tensor po-
larization modes (plus, cross) in general relativity by fix-
ing gauge degrees of freedom between a perturbed space-
time and a background spacetime [13–16]. However, a
generic metric theory allows at most six polarizations:
two tensor modes (plus, cross), two vector modes (vector
x, vector y), and two scalar modes(breathing, longitudi-
nal) [17, 18]. The properties of the polarization modes of
a GW reflect degrees of freedom or the gauge conditions
in the theory of gravity. Additional degrees of freedom of
the theory or the breaking of the gauge symmetries result
∗ takeda@granite.phys.s.u-tokyo.ac.jp
in leading to additional degrees of freedom for a GW. The
possible polarization modes are reported in each theory
of gravity . For example, GWs in modified gravity theo-
ries such as scalar-tensor theory [19, 20] and f(R) gravity
[21–23] can have scalar polarizations in addition to ten-
sor modes [14, 17, 18, 24]. Polarizations of null GWs can
be treated by the Newman-Penrose formalism transpar-
ently [25, 26]. In contrast, up to six polarizations are
possible [26] in bimetric gravity theory [27, 28] while up
to five polarizations are possible [29] in massive gravity
theory [30, 31]. A discovery of nontensorial polarization
modes indicates the existence of an alternative to GR
as a fundamental theory of gravity. Thus, a search for
the polarizations of a GW is crucial and useful matter to
approach to the essence of gravitation.
Some analytical attempts and studies to separate
the polarization modes were made for GW bursts [32],
stochastic GWs [33], continuous GWs [34], and GWs
from compact binary coalescences [35]. In the previous
work [35] for GWs from compact binary coalescences, we
found the condition to separate the polarization modes
that the number of the detectors needs to be equal to the
number of the polarization modes of the GW in principle.
Currently, there are few observational constraints
about the nontensorial polarization modes of GWs.
The radiated energy in scalar polarization modes have
been limited to less than ∼ 1% by the observation of
PSR B1913+16 [14]. A polarization mode search of
GW170814 involved with the simple substitution of the
antenna pattern functions has already been conducted
[8].
We focus on the polarization test of a GW from CBC
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2FIG. 1. Sensitivity curves for the third-generation
gravitational-wave detectors such as Einstein telescope and
Cosmic Explorer. Einstein telescope has two sensitivity esti-
mates, ET-B and ET-D.
with future ground-based detectors. There are two lead-
ing designs of the next-generation GW detectors followed
by so-called the second generation (2G) GW detectors
such as aLIGO, AdV and KAGRA. One is the Einstein
Telescope (ET) [36] and the other is the Cosmic Explorer
(CE) [37]. These detectors are called the third-generation
(3G) GW detectors. Figure 1 shows their sensitivity
curves. ET will have three 10km-arms in an equilateral
triangle, with multiple interferometers sharing the arms.
ET has two sensitivity estimates, ET-B and ET-D. ET-
B is based on a single interferometric detector covering
the frequency range from 1Hz to 10kHz [38, 39]. ET-
D has the so-called xylophone design where it consists
of one cryogenic low-frequency interferometer and one
room-temperature high-frequency interferometer at each
corner [40]. The sensitivity around sub-10 Hz of ET-D
is improved well in comparison with ET-B. CE has an
L-shaped configuration like the 2G detectors. However,
its arm length is 40 km. Then, the sensitivity of CE is
significantly better above 10 Hz than those of ET detec-
tors.
Compact binary coalescences are promising sources for
both 2G and 3G detectors. It is expected that 3G detec-
tors can detect a lot of compact binary coalescences and
determine their parameters more accurately because of
their great sensitivity. We research prospects for the GW
polarization test from compact binary mergers with the
future ground-based detectors, i.e. 3G detectors. The
number of the detectors needs to be more than or equal
to the number of the polarization modes of the GW for
the polarization test with the 2G detectors. However,
several 3G detectors or even a single 3G detector may
be able to test more polarizations than detectors, be-
cause 3G detectors such as ET and CE have substan-
tially better sensitivity in low frequency region around
5 Hz than 2G detectors. Therefore, the rotation of the
Earth and the detector positions changed with time need
to be considered properly in the case of 3G detectors. It
has been reported that the Earth rotational effect of an
individual 3G detector helps localize the compact binary
coalescences effectively due to time-dependent antenna
pattern functions [41, 42]. The effect of the Earth ro-
tation is expected to be useful in the polarization test
because time-varying antenna pattern functions lead to
an effective detector network formed by a single detec-
tor moving in time due to the Earth’s rotation. We
study the polarization separability for binary black hole
(BBH) and binary neutron star (BNS) with 3G detec-
tors through the determination accuracy of polarization
parameters. Then, we assume a successive observation
by 3G detectors and study prospects for the GW po-
larization test with multiple compact binary sources by
considering a binary merger distribution. This paper is
organized as follows. In section II, we describe polariza-
tion modes of gravitational waves, time-dependent an-
tenna pattern functions and detector signals. In section
III, we explain models for a detector signal including non-
tensorial polarization modes of a GW. In section IV, we
introduce the basics of the Fisher analysis and our ana-
lytical and numerical setup. In section V, we show our
results of parameter estimation with 3G detectors and
mention about separability of the polarizations and the
Earth rotational effect in the polarization test for BNS
and BBH. Then, we show prospects for the polarization
test of GWs from multiple compact binary sources with
future ground-based detectors. We devote the last sec-
tion VII to the conclusion of this paper. Throughout this
paper we use units in which G = c = 1.
II. DETECTOR SIGNAL
A. Polarization mode of gravitational waves
The most general null gravitational wave has six in-
dependent polarization modes[17, 18]. Thus, a metric
perturbation representing a GW can be expressed as
hab(t, Ωˆ) = hA(t)e
A
ab(Ωˆ), (1)
at a point on a space-time manifold. Here polarization
indices A = +,×, x, y, b, l denote plus, cross, vector x,
vector y, breathing, and longitudinal polarization modes,
respectively. hA(t) are the components of the GW for
each polarizations. Ωˆ is the direction to the position of
a GW source in the sky and polarization tensors eAab(Ωˆ)
are defined as bellow,
e+ab = eˆx ⊗ eˆx − eˆy ⊗ eˆy, (2)
e×ab = eˆx ⊗ eˆy + eˆy ⊗ eˆx, (3)
3exab = eˆx ⊗ eˆz + eˆz ⊗ eˆx, (4)
eyab = eˆy ⊗ eˆz + eˆz ⊗ eˆy, (5)
ebab = eˆx ⊗ eˆx + eˆy ⊗ eˆy, (6)
elab =
√
2eˆz ⊗ eˆz. (7)
The set of three unit vectors {eˆx, eˆy, eˆz} forms the wave
orthonormal coordinate such that eˆz = eˆx × eˆy and eˆz =
−Ωˆ becomes a unit vector pointing to the propagation
direction of the GW. A degree of freedom to choose eˆx, eˆy
around the eˆz axis remains. This degree of freedom is
referred as the polarization angle ψp.
B. Time-dependent antenna pattern functions and
detector signal
The detector signal of the I-th GW detector are given
by [32, 33, 43]
hI(t, Ωˆ) = d
ab
I (t)hab(t, Ωˆ) = F
A
I (t, Ωˆ)hA(t), (8)
where dabI is the detector tensor defined for each GW de-
tector. The detector tensor of an interferometric detector
can be defined as
dabI (t) :=
1
2
(uˆaI (t)⊗ uˆbI(t)− vˆaI (t)⊗ vˆbI(t)). (9)
Here uˆI , vˆI are unit vectors along the arms of the I-th
interferometric detector.
FAI is the antenna pattern functions of the I-th detector
for polarization ”A” defined by
FAI (t, Ωˆ) := d
ab
I (t)e
A
ab(Ωˆ). (10)
They represent the detector responses to each polariza-
tion mode. In general, two unit vectors uˆI(t), vˆI(t) de-
pend on time because the position of the detector changes
in time due to the Earth’s rotation or revolution. It re-
sults in the time-varying detector tensor and antenna
pattern functions. We can regard the antenna pattern
functions of the 2G GW detectors such as aLIGO, AdV
and KAGRA as constants in time because a GW signal
in the observational band is short so that the time de-
pendence can be ignored. However, since the 3G GW
detectors such as ET and CE or the space GW detec-
tors such as LISA [44, 45], DECIGO [46] and Tianqin
[47] have extended lower frequency sensitivities, the time
dependence can not be ignored. The general concrete for-
mulas of the antenna pattern are provided in [33] when
the detector tensor does not depend on time.
C. Fourier components of the detector signal
In Eq. (8), we shall consider the two tensor polariza-
tion modes, i.e. polarization index runs over {+,×} and
the inspiral waveform as hA(t). The detector signal of
inspiral GWs Eq. (8) from compact binary coalescences
in time domain can be expressed as follows [16, 48],
h(t) ' 2m1m2
rs(t)DL
A (t) cos (
∫ t
fgw(t
′)dt′ + φp(t) + φD(t)),
(11)
where A (t) and φp(t) are defined as below,
A (t) :=
√
(1 + cos2 ι)2F+(t)2 + 4 cos2 ιF×(t)2, (12)
φp(t) := arctan
(
2 cos ιF×(t)
(1 + cos2 ι)F+(t)
)
. (13)
Here m1,m2 are the masses of compact binary stars, DL
is the luminosity distance to the binary system, rs(t) is
the orbital relative distance, fgw is the frequency of the
GW and φD(t) is the doppler phase.
We derive the Fourier components h(f) of the detec-
tor signal h(t). The Fourier component of the measured
signal can be evaluated by the stationary phase approx-
imation, since (2m1m2)/(rs(t)DL),A (t), φp, φD vary in
time slowly. Employing stationary phase approximation,
we can estimate the Fourier components of the detector
signal [15, 41, 48–50],
hI(f) = Af−7/6eiΨ(f)
{
5
4
A (t(f))
}
e−i(φp(t(f))+φD(t(f))).
(14)
The geometrical factor for tensor modes is defined by
GT,I := 5
2
{(1 + cos2 ι)F+,I(t)
+2i cos ιF×,I(t)}eiφD,I(θs,φs,θe,φe), (15)
where (θs, φs) are the the source direction angular pa-
rameters and (θe, φe) are detector position parameters.
The factor of 5/2 appears such that the average of Eq.
(15) over angular parameters gives unity. Then we get
hI(f) = Af−7/6eiΨ(f)GT,I(t(f)). (16)
t(f) is
t(f) := tc − 5
256
M−5/3(pif)−8/3, (17)
such that the condition,
f = fgw(t(f)), (18)
is satisfied. Here M is the chirp mass and tc is the co-
alescence time. t(f) gives the relation between the time
and the frequency of the GW before merger.
4III. POLARIZATION MODELS
We mention the polarization models used in our anal-
ysis. We assume that nontensorial polarization modes
have the same waveforms as the tensor mode hGR, though
these waveforms actually depend on a specific theory
of gravity. This means we consider pessimistic cases in
terms of separation of the polarization modes as far as
we do not introduce any specific parameters of the theory
because it is more difficult to separate the modes having
the same waveforms. The shortness of the signal could
affect the separability, especially in the case of BBH [35].
However, since a radiation process in merging and ring-
down phase in a modified gravity is complicated, it is
difficult in general to relate the polarizations in inspiral
phase to those in merger and ringdown phases. Here we
focus only on an inspiral phase to be conservative and to
keep results robust.
The signal models for scalar and vecotr polarization
modes have been derived in Eq.(29)-Eq.(34) of [35]. How-
ever, the time dependence of detectors was not taken into
account. To extend them and obtain time-dependent po-
larization models, we can substitute Eq. (17) into the
geometrical factors as we derived Eq. (16). We consider
only the following polarization model (Model TS1) hav-
ing an additional scalar polarization mode in addition to
two tensor polarization modes because we already showed
in our previous work [35] that a choice of polarizations
causes only the different angular dependences in the sig-
nals and qualitatively small differences in the results.
Model TS1 is a tensor-scalar dipole model. In this
model, we add a scalar mode having the same inclination-
angle dependence as that of dipole radiation. An addi-
tional model parameter is the amplitude of the scalar
mode AS1 .
hI = {GT,I(t(f)) +AS1GS1,I(t(f))}hGR, (19)
where GS1,I is the geometrical factor for the scalar mode
for I-th detector, defined by
GS1,I :=
√
45
2
sin ιFb,I(θs,θe)e
iφD,I(θs,φs,θe,φe). (20)
Here θs := (θs, φs, ψp) is a set of source angle parameters
where ψp is polarization angle and θe := (θe, φe, ψ) is a
set of detector angle parameters where ψ specifies the
detector orientation. Geometrical factors are normalized
by angular average over the whole-sky and the inclination
angle of the binary system.
IV. SETUP
A. Fisher Analysis
We evaluated the model parameter estimation by a
Fisher information matrix [16, 51, 52]. A Fisher infor-
mation matrix tells us how precisely we can determine
the model parameters by observations and how strongly
the model parameters are correlated. The Fisher infor-
mation matrix Γ can be calculated by
Γij := 4Re
∫ fmax
fmin
df
∑
I
1
Sn,I(f)
∂h∗I(f)
∂λi
∂hI(f)
∂λj
, (21)
where Sn,I(f) is the I-th detector noise power spectrum
and λi is the i-th model parameter. The root mean square
of a parameter can be given by the inverse of the Fisher
information matrix. The root mean square of ∆λi is
calculated as follows,
(∆λi)rms :=
√
〈∆λi∆λi〉 =
√
(Γ−1)ii, (22)
where ∆λi is the measurement error of λi and 〈·〉 stands
for ensemble average.
The sky localization error of the source is defined by
∆Ωs := 2pi| sin θs|
√
〈(∆θs)2〉〈(∆φs)2〉 − 〈∆θs∆φs〉2.
(23)
We simply refer to (∆λi)rms as ∆λi, and call it the
estimation error of λi.
B. Analytical and Numerical setups
We adopt the inspiral waveform up to Newtonian order
in amplitude and 3.5 post-Newtonian (PN) order in phase
[53]
hGR = Af−7/6eiΨ(f), (24)
with
Af−7/6 = 1√
6pi2/3dL
M5/6f−7/6, (25)
Ψ(f) = 2piftc−φc− pi
4
+
3
128
(piMf)−5/3
7∑
i=0
φi(piMf)i/3.
(26)
The phase part of the above waveform includes the higher
PN effect up to 3.5 PN order, while the amplitude part of
the waveform is kept up to the Newtonian order because
we consistently use the waveform at the same order as
the expression in Eq. (17). The lower frequency end of
the integration in Eq. (21) is set to be fmin = 1 Hz and
the upper frequency end fmax to be the frequency fISCO
that is twice the innermost stable circular orbit frequency
for a point mass in Schwarzschild spacetime
fISCO = (6
3/2piMtot)
−1, (27)
where Mtot = m1 + m2 is the total mass of the binary
stars.
We have 11 model parameters in GR
(logM, log η, tc, φc, log dL, χs, χa, θs, φs, cos ι, ψp), (28)
5and an additional polarization amplitude parameter AS1
in the model TS1. Here, log η, χs, χa are the logarithm
of the mass ratio, the symmetric spin parameter and the
antisymmetric parameter, respectively. We assume that
the fiducial values of tc, φc, χs, χa are 0. This corresponds
that the coalescence time and the phase at the coales-
cence time for the nontensorial mode are assumed to be
those of the tensor mode because we showed that the
modification of the coalescence time and the phase at co-
alescence do not affect the results in our previous work.
It is assumed that the fiducial values of the additional
amplitude parameters are unity unless otherwise noted.
The priors are imposed for parameters having domain of
definition; log η, φc, angular parameters (θs, φs, cos ι, ψp)
and binary spin parameters (χs, χa).
3G detectors are assumed to have their design sensi-
tivity in Figure 1 and be positioned at Livingston site of
aLIGO or Virgo site in the same way as [54].
We say that the polarization modes would be separable
when the errors of the amplitudes parameter are less than
their fiducial values.
V. RESULTS
Here we show the possibility of the polarization test of
GWs from compact binary mergers with 3G GW detec-
tors and investigate how the detector sensitivity at low
frequency region help with the polarization test.
A. Binary neutron stars
We study the ability of the 3G GW detectors in polar-
ization test of GWs from compact binary coalescences.
First we estimate model parameters for BNS with
equal 1.4M at z=0.1 in the model TS1 with a sin-
gle 3G GW detector such as ET-B, ET-D, CE and
an ideal detector. The ideal detector has a better
low-frequency constant sensitivity (with power spec-
tral density 10−49 1/Hz) than ET-D below 400 Hz
to check the benefit of better low-frequency sensitiv-
ity in the polarization test of GWs. Angular parame-
ters (cos θs, φs, cos ι, ψp) are uniformly random and 500
sources are calculated by the Fisher analysis.
The results of the parameter estimation for BNS with
a single 3G detector are shown in Table I. We show the
medians of parameter estimation errors of the luminosity
distance, the sky localization, and the additional polar-
ization amplitude. Polarization modes would be sepa-
rable even with either an individual ET-D and an ideal
detector, while they would be inseparable with either an
ET-B and a CE. The sensitivity in the sub-5 Hz low-
frequency range is crucial to localize the source position
as reported [41, 42]. The sensitivities of an ET-D and
an ideal detector are better than those of an ET-B and
a CE in the region. Thus, the time-varying effect of the
FIG. 2. Cumulative histograms for parameter estimation er-
rors for 1.4M − 1.4M BNS at z = 0.1 in the model TS1
with a single 3G detector. The colors are with ET-B(green),
with ET-D(red), CE(magenta), and with ideal(blue).
antenna pattern functions helps us to better separate the
polarization modes of GWs.
Figure 2 shows the cumulative histograms in the model
TS1 for luminosity distance, the sky localization, the
inclination angle, the polarization angle, and the addi-
tional polarization amplitude for all sources. It also in-
dicates that the Earth’s rotation can break the degen-
eracies among amplitude parameters. The errors of the
additional polarization amplitude parameter for quite a
few BNSs is less than unity with ET-B. This shows that
the effect of the time-varying antenna pattern functions
can help breaking the degeneracy among amplitude pa-
rameters partially. Thus, the polarizations would be sep-
arable for some BNS sources with ET-B depending on
the positions of sources relative to the detector. A single
ET-like 3G detector can be used to test polarizations by
the observations of BNS.
We change the lower cutoff frequency fmin in the case
of ET-D to search for the critical frequency region in
the polarization test. The results are shown in Table II.
The frequencies of 1 Hz, 5 Hz, and 10 Hz correspond to
5.38 days, 1.77 hours, and 0.28 hours before the merger,
respectively, for 1.4M − 1.4M BNS from Eq. (17).
The polarization modes would be inseparable with the
lower cutoff frequency fmin = 5 Hz even in the case of
ET-D. This suggests that the sub-5 Hz range, especially
the range below 5 Hz is essential for the polarization
test. The 3G detectors are designed so that the lower
frequency sensitivity is limited by the Newtonian noise,
which is a noise caused by the fluctuations of the sur-
rounding gravitational potential [55, 56]. Therefore, it is
important to gain better understanding about the New-
6TABLE I. Medians of parameter estimation errors for 1.4M − 1.4M BNS at z = 0.1 with a single 3G GW detector. We say
that the polarization modes would be separable when the errors of the amplitudes parameter are less than the fiducial value
(Here, AS1 = 1). Three polarization modes would be separable even with either an individual ET-D and an ideal detector.
parameter BNS(ET-B) BNS(ET-D) BNS(CE) BNS(Ideal)
SNR 57.8 50.7 104 170
∆ ln dL 0.979 0.355 6.67 0.197
ModelTS1 ∆Ωs[deg
2] 490 55.6 72105 7.56
∆AS1 1.30 0.459 12.9 0.322
FIG. 3. Medians of parameter estimation errors for 1.4M −
1.4M BNS at z = 0.1 when changing the fiducial value
of AS1 in the case of an ET-D. The error of AS1 is hardly
changed when the fiducial values are less than 1/10, giving
the detection limit.
tonian noise not only in localization of GWs but also in
the test of GW polarizations with 3G detectors because
the Newtonian noise is still poorly understood.
For a proof-of-principle study, it is assumed that the
fiducial value of the additional amplitude parameter for
the scalar mode is unity in our analysis above to research
the fundamental effect of the Earth’s rotation in the po-
larization test. We studied how the choice of the fiducial
values affect the estimation errors by changing the fidu-
cial values to 1/1000, 1/100, and 1/10. Figure 3 shows
the fiducial-value dependence of the errors in the model
TS1 with an ET-D. AS1 error is hardly changed at the
fiducial values less than 1/10. The dependence of fiducial
values is consistent with the results with a GW detector
network formed by the 2G detectors [35]. However, this
detection limit is not given by 1/SNR, in contrast to the
case of the 2G detectors. The reason would be a single
3G detector at each time forms an effective detector net-
work, but does not form a real multi-detector network at
the same time like the 2G detectors.
In Table III, we checked whether a single 3G detector
breaks the degeneracies among the amplitude parameters
or not by artificially improving the detector sensitivity of
an ET-D and a CE by a factor of 10. As a result the error
of the amplitude parameter is improved by 100.998 with
an ETD or is scaled by SNR, while the error is improved
by only 100.185 with a CE. This indicates that the effec-
tive network formed by a single ET-like detector could
break the degeneracies among the amplitude parameters,
but a CE-like detector could not take advantage of the
effect of the Earth rotation enough due to its worse sensi-
tivity at low frequencies. The index of the improvement
in the error can be used to quantify how the degeneracies
are broken, 0.998 in the case of ET-D and 0.185 in the
case of CE.
We also analyzed with three types of detector networks
(ET-D - ET-D, ET-D - CE, CE-CE). Each two detec-
tors is located at the Livingston site of aLIGO and Virgo
site. Parameter estimation results are shown in Table
IV, taking the fiducial values of the additional polariza-
tion amplitudes unity. The ET-D - ET-D can separate
the polarizations more accurately and the polarizations
would be separable also with ET-D - CE. On the other
hand, it would be possible to distinguish the polarizations
even with two CE-like detectors to some extent, but its
ability is significantly limited because CE detectors can
hardly utilize the Earth rotational effect, although a CE
detector can obtain high SNR due to its significantly bet-
ter sensitivity above 10 Hz depending on the masses of
compact binary.
B. Binary black hole
Next we consider polarization test with BBHs. We es-
timate model parameters for BBHs with equal 10M at
z=0.5 in the model TS1 with a single 3G GW detector
such as ET-B, ET-D, CE and an ideal detector. An-
gular parameters are uniformly random and 500 sources
are calculated by the Fisher analysis as with the case of
BNSs. Table V shows the results of the parameter esti-
mation for BBH with a single 3G detector. The medi-
ans of parameter estimation errors are shown. However,
since the upper cutoff frequency for 10M−10M BBHs
at z=0.5 is about 147 Hz, the duration of the signal is
shorter than that of BNS. Thus, it is relatively difficult
for a single 3G detector to localize the BBH merger and
determine the parameters in amplitude including the po-
larization parameter, that is, the polarizations would not
be separable.
Table VI shows the results for BBHs with two-detector
networks (ET-D - ET-D, ET-D - CE, CE-CE). Three
polarization modes from BBH mergers would be separa-
ble with two detectors including an ET-D. This indicates
that the 3G detector networks can also take advantage
7TABLE II. Medians of parameter estimation errors for 1.4M−1.4M BNS at z = 0.1 when changing the lower cutoff frequency
fmin in the case of ET-D. The range below 5 Hz is important for the polarization test.
parameter BNS(ET-D) fmin=1Hz BNS(ET-D) fmin=5Hz BNS(ET-D) fmin=10Hz
SNR 50.7 49.8 41.6
∆ ln dL 0.355 0.910 2.31
ModelTS1 ∆Ωs[deg
2] 55.6 184 4308
∆AS1 0.459 1.55 4.56
TABLE III. Medians of parameter estimation errors for 1.4M − 1.4M BNS at z = 0.1 when changing the sensitivity better
by a factor of 10. AS1 = 1. The error of the additional amplitude parameter is improved by 10
0.998 with ET-D and by 100.185
with CE.
parameter BNS(ET-D) BNS(CE)
SNR 507 1047
∆ ln dL 0.0357 3.73
ModelTS1 ∆Ωs[deg
2] 0.558 12727
∆AS1 0.0461 8.43
of the Earth rotation effect for BBHs.
C. Multiple sources
Finally, we show the prospects for the GW polarization
test by future observations of multiple compact binary
mergers with the 3G ground-based detectors, considering
their redshift distribution.
1. Compact binary merger rate and detection rate
Let Rm(z) be redshift rate density in the detector
frame, that is the number of mergers per detector time
per redshift,
Rm(zm) :=
dNm
dtdz
=
1
1 + zm
dVc
dz
Rm(zm), (29)
where Nm is the number of mergers, t is the detector
frame time, Vc is the comoving volume, and zm = z(tm)
is the redshift of the binary system that merges at a look-
back time tm [57]. HereRm is the volumetric merger rate
in the source frame, that is the number of the mergers
per comoving volume per source time, defined by
Rm(zm) := dNm
dVcdts
, (30)
where ts is the source frame time,
The volumetric merger rate depends on the binary for-
mation rate and the delay time distribution between the
formation of the binary system and their coalescence.
Rm(tm) =
∫ ∞
tm
dtfRf (tf )p(tm|tf ;λf ), (31)
where Rf is the binary formation rate and the delay time
distribution , p(tm|tf ;λf ) is the probability density that
a binary system formed at time tf merge at time tm. The
delay time distribution may depend on some parameters
λf , for example some kind of time scale parameters and
the parameters of the merging binary system. This also
can be expressed in terms of redshift,
Rm(tm(zm)) =
∫ ∞
zm
dzf
dtf
dzf
Rf (tf (zf ))p(tm|tf ;λf ),
(32)
where zf = z(tf ) is the redshift of the binary system that
forms at a lookback time tf .
It is assumed that the volumetric binary formation rate
Rf (zf ) is simply proportional to the star formation rate
density at the same redshift, Madau plot ψ(z) [58]. The
formation rate or the delay time distribution may depend
on some properties of the formed binaries. However, it
is also assumed here that the dependence of the intrinsic
parameters can be ignored for simplicity. We consider the
distribution of delay time between formation and merger
uniform in the logarithm of the time delay,
p(tm|tf ) = p(log(tm − tf ))
∝
{
1 (10 Myr < tf − tm < 10 Gyr)
0 (10 Myr > tf − tm ∨ tf − tm > 10 Gyr).
(33)
2. Prospects for polarization test with future ground-based
detectors
We produce the source catalog that reflects the above
binary merger rate distribution. The following is our
procedure to create the catalog. First we calculate the
volumetric merger rate in the source frame Rm(zm) us-
ing Eq. (32), then calculated the redshift rate density
in the detector frame Rm(z) using Eq. (29). We get
8TABLE IV. Medians of parameter estimation errors for 1.4M − 1.4M BNS at z = 0.1 with three types of detector networks
(ET-D - ET-D, ET-D - CE, CE-CE). Three polarization modes would be separable with networks composed of two 3G detectors.
parameter BNS(ET-D - ET-D) BNS(ET-D - CE) BNS(CE-CE)
SNR 75.2 120 151
∆ ln dL 0.0520 0.124 0.569
ModelTS1 ∆Ωs[deg
2] 0.346 0.643 3.51
∆AS1 0.0797 0.178 0.913
TABLE V. Medians of parameter estimation errors for 10M−10M BBH at z = 0.5 with a single 3G GW detector. For BBH,
it is relatively difficult for a single 3G detector to determine the parameters in amplitude including the polarization parameter
due to the short duration of the signal.
parameter BBH(ET-B) BBH(ET-D) BBH(CE) BBH(Ideal)
SNR 57.9 51.6 111 181
∆ ln dL 4.204 3.390 20.45 2.181
ModelTS1 ∆Ωs[deg
2] 26437 15618 219581 3133
∆AS1 7.52 6.36 41.7 4.34
the binary merger rate at redshift z with redshift-bin
z = 0.1 by integrating Eq. (29). We produced each
5000 sources of 1.4M−1.4M BNS and 10M−10M
BBH having the above redshift merger distribution and
estimated their parameters for the inspiral waveforms in
the model TS1. The fiducial values of the additional
polarization amplitude parameters are set to be enough
small, AS1 = 1/1000. The median values of the errors of
the additional polarization amplitude parameter at each
redshift ∆AS1(z) are obtained by evaluating the middle
number when the errors in the same redshift bin are ar-
ranged from lowest to highest. It is expected that the
actual errors could be improved statistically from future
observations of binary mergers. We could assume that
they improve inversely proportional to square root of the
number of detections Nz at the redshift z statistically,
∆As,S1(z) =
∆AS1(z)√
Nz
. (34)
We calculate the expected number of detections Nz in
a redshift bin from z − ∆z to z (we take ∆z = 0.1) as
the product of the number of mergers Nm,z in the same
redshift bin and detection probabilities at each redshift
pd(z),
Nz = Nm,zpd(z). (35)
The detection probability pd(z) is the ratio of the num-
ber of detections to the number of binary mergers at
a redshift that are estimated from SNR calculations in
which the detection criterion is network SNR > 8. Table
VII summarizes these procedures in the case of BNS.
Here the expected number of mergers Nm,z for BNS
is evaluated by the constructed distribution above where
the overall factor of the star formation rate density is cho-
sen such that a BNS merger occurs within the distance
of z = 0.01 during the observation. This corresponds to
the observation period of 1.82 yr when the BNS merger
FIG. 4. Compact binary merger rate distribution based on
Madau plot with the flat-in-log delay-time distribution. The
overall factors of the star formation rate density are based
on the BNS merger rate 1540 Gpc−3yr−1 [7] and the BBH
merger rate 53.2 Gpc−3yr−1 [59].
rate is taken as 1540 Gpc−3yr−1 [7]. The overall fac-
tor of the star formation rate density for BBH is deter-
mined by assuming that the binary merger rate for BBH
is 53.2 Gpc−3yr−1 [59]. Figure 4 shows our binary merger
distribution.
Finally, we find the expected error of the additional po-
larization amplitude parameter from future observations
from the equation,
1
∆A2F,S1
=
∑
z
1
∆As,S1(z)2
, (36)
because we consider independent events.
The result of the expected error from future observa-
9TABLE VI. Medians of parameter estimation errors for 10M − 10M BBH at z = 0.5 with two-detector networks (ET-D
- ET-D, ET-D - CE, CE-CE). Three polarization modes would be separable with networks composed of two 3G detectors
including ET-D.
parameter BBH(ET-D - ET-D) BBH(ET-D - CE) BBH(CE-CE)
SNR 77.4 126 161
∆ ln dL 0.062 0.045 3.12
ModelTS1 ∆Ωs[deg
2] 0.819 2.79 122
∆AS1 0.089 0.521 6.45
TABLE VII. Parameter estimation results for 1.4M−1.4M BNS with an ET-D in a redshift bin from z−∆z to z (∆z = 0.1).
Observation period is chosen such that a neutron binary star merger occurs within the distance of z = 0.01 during the
observation, corresponding to 1.82 yr when assuming the binary merger rate for binary neutron star 1540 Gpc−3yr−1.
z=0.1 z=0.2 z=0.3 z=0.4 z=0.5 z=0.6 z=0.7 z=0.8 z=0.9 z=1.0
Detection Probability pd 1 0.97 0.92 0.85 0.77 0.58 0.48 0.38 0.31 0.28
Merger rate Nm,z 120 525 1197 2088 3176 4422 5779 7198 8627 10013
Detection rate Nz 120 508 1102 1769 2460 2574 2795 2762 2709 2788
∆AS1/
√
Nz [×10−2] 1.22 1.16 1.14 1.18 1.23 1.49 1.63 1.95 2.11 2.43
tions of 1.4M − 1.4M BNS with an ET-D is
∆AF,S1,ET−D = 4.45× 10−3. (37)
On the other hand, the result of the expected error from
future observations of 10M − 10M BBH with ET-D -
CE is
∆AF,S1,ET−D−CE = 1.21× 10−3, (38)
and that with ET-D - ET-D is
∆AF,S1,ET−D−ET−D = 4.66× 10−4. (39)
VI. DISCUSSIONS
A. Nearby event vs multiple sources
In the previous section, we considered the improvement
of the measurement errors by combining multiple sources.
However, they should include very nearby events, which
may contribute dominantly to the determination of the
polarization amplitude parameter. To clarify at which
redshift the polarization amplitude parameter is deter-
mined well, we also calculated the medians of parameter
estimation errors of the additional polarization ampli-
tude parameter for a single source of BNS at z = 0.01 to
compare with above expected values. The median of the
error is
∆AS1 = 1.40× 10−2. (40)
This suggests that an event near the Earth (z ' 0.01)
is available to test the polarizations with a precision of
∆AS1 ' 1.40× 10−2, but it would be possible to test by
the observations of multiple binary systems with preci-
sions of 4.45×10−3 or 1.21×10−3 within the period dur-
ing which such a nearby-BNS merger event would occur
at least once. For one nearby event, the error gets worse
with the luminosity distance as ∆AS1 ∼ 1/SNR ∝ dL,
while for multiple sources in a redshift bin the error is es-
timated as ∆AS1 ∼ 1/SNR/
√
N ∝ dL/
√
d2L ∼ constant.
Thus, it is expected that the total expected estimation
error ∆AS1 is reduced by the square root of the number
of the bin combining multiple sources.
We assume the statistically improvement of the error
∆AS1 for multiple sources in the same redshift bin. A
specific method to deal with observations of the compact
binary coalescences statistically need to be developed in
the future. For example, a stacking method could be
applied to look for a small signal of the nontensorial po-
larization modes [60].
B. Limitation by PSR B1913+16
The amplitude for the nontensorial mode has already
limited by the observation of PSR B1913+16. The or-
bital energy Eorbit of a binary system is related to the
frequency of a radiated GW [15] by
Eorbit = −
(
pi2M5f2
8
)1/3
, (41)
at Newtonian order. Then,
∆E˙orbit
E˙orbit
=
∆f˙
f˙
=
∆P˙
P˙
, (42)
where P is the orbital period of a binary system and
the dot notation for time differentiation is used. The
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observation of the orbital period of PSR B1913+16 has
constrained P˙ [14],
∆P˙
P˙
= 0.003± 0.002. (43)
From E˙orbit ∝ A2, a possible modification of the GW
amplitude for the nontensorial mode is limited by
AS1 <∼ 1× 10−3. (44)
Thus, the observations of compact binary coalescences
by the 3G detectors would be able to reach the compat-
ible level to the current constraint by a more direct and
robust way. It is noted that the current limitation from
PSR B1913+16 has been imposed much before a compact
binary merger, that is, in a much weaker gravity regime.
C. Distributions for multiple sources
For simplicity, we ignored some distributions of BHs
or NSs, for example, mass, mass ratio and so on when
we consider multiple sources. A CE-like detector could
detect CBC at higher redshifts due to its significantly
better sensitivity depending on the masses of the source.
However, not only the separability of polarizations of an
ET-D is better than that of a CE due to its better lower
sensitivity, but also the inspiral range of ET-D is higher
than that of CE for 10M − 10M BBH [61]. Thus, the
error with ET-D - ET-D network Eq. (39) is less than
that with ET-D - CE network Eq. (38) for multiple BBH
sources.
For a proof-of-principle study here, we did not con-
sider the formation channels other than isolated field bi-
naries. BBH formed in globular clusters may contribute
to the compact binary formation rate [62–65]. However,
since the redshift dependence of the formation rate of
BBH formed in globular clusters would have similar de-
pendence of the star formation rate and it is assumed
that the observational merger rate by LIGO and Virgo
includes the contributions from BBH formed in globu-
lar clusters, our analysis would also include the contri-
butions from BBH formed in globular clusters. On the
other hand, the binary stars from population III stars
may also contribute to the compact binary formation
rate [66, 67]. Population III stars are not likely to be-
come BNS, but they form BBH at high redshift z > 6.
If we include contributions from such a specific forma-
tion channel having different redshift distribution from
the star formation rate, the error may be reduced when
the detection number would increase. The contributions
from population III stars would be important in the case
of BBH because the 3G detectors such as ET-D and CE
have large inspiral range.
D. Experimental aspects
The frequency range below 5 Hz is essential in the po-
larization test as we mentioned. From the point of view
of a detector, the realization of the sensitivity at lower
frequencies is challenging. One of the dominant noise
sources at the lower frequency region below 30 Hz is fluc-
tuations in a local gravity field caused by moving objects
around the test masses of a detector, which is called New-
tonian noise [55, 56]. Seismic Newtonian noise [68] and
atmospheric Newtonian noise [69] can be dominant in
the future detector. For seismic Newtonian noise, some
cancellation schemes by an array of seismometers or tilt-
meters [70–72] and passive suppression method [73] have
been proposed. On the other hand, local gravity-noise
suppression by constructing the detector underground is
proposed for atmospheric Newtonian noise [69].
VII. CONCLUSION
We studied separability and the effect of the Earth
rotation in the polarization test with compact binary co-
alescences by the 3G detectors such as ET and CE via a
parameter estimation approach. Table VIII shows sum-
mary of our results.
In the case of BNSs, an ET-D could separate the polar-
izations even with a single detector because better sensi-
tivity at frequencies lower than 5 Hz can take advantage
of the Earth’s rotation. Time-varying antenna pattern
functions help with forming an effective detector network
along the trajectory of a detector. This effective network
makes it possible to test polarizations with a single 3G
detector. On the other hand, it would be difficult for a
single CE-like detector to separate polarizations because
the low frequency sensitivity is not better than that of an
ET-D. In the case of BBHs, a single 3G detector could
not distinguish three polarizations due to the low upper
cutoff frequency for BBHs resulting in the short duration
of the signal. However, 3G detectors can make use of a
part of time-varying effect of the antenna patterns. Thus,
three polarizations from BBH merger would be separable
with a detector network composed of two 3G detectors
including an ET-D.
We also studied the prospects for the GW polarization
test with multiple sources based on the compact binary
merger distributions. A single golden event, BNS merger
at z ' 0.01, could be used to test polarizations with pre-
cisions of 1.40× 10−2. On the other hand, it is expected
that it would be possible to test the polarizations by the
observations of binary systems with accuracy 4.45×10−3
for BNSs or 1.21 × 10−3 for BBHs within the observa-
tional period during which such a golden event would
occur. These precisions are comparable to the current
constraints on the amplitude for nontensorial modes from
the observations of PSR B1913+16, though the current
constraint has been imposed at the stage much before a
binary merger, that is, in a much weaker gravity regime.
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TABLE VIII. Summary of the separability of polarization modes of GWs from compact binary coalescences with 3G detectors
for 1.4M− 1.4M BNS at z = 0.1 or 10M− 10M BBH at z = 0.5 in the model TS1 where there are two tensor modes and
a scalar mode. The median values of the additional polarization amplitude parameter AS1 are shown when the fiducial values
are unity AS = 1.
ET-B ET-D CE ETD -ET-D ETD - CE CE - CE
BNS inseparable separable inseparable separable separable separable
∆AS1 0.459 0.0797 0.178 0.913
BBH inseparable inseparable inseparable separable separable inseparable
∆AS1 0.089 0.521
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